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Interactions Between Rigid-Body and Flexible-Body Motions

in Maneuvering Spacecraft

Larry M. Silverberg* and Sungtae Parkt
North Carolina State University, Raleigh, North Carolina

This paper describes the significant interactions between rigid-body and flexible-body motions in maneuvering
spacecraft. One distinguishes between the rigid-body and flexible-body motions by introducing a tracking
coordinate system that coincides with the rigid-body component of the motion, and by enforcing the motion
relative to the tracking coordinate system (the elastic motion) to be orthogonal to the rigid-body motion. This
leads to an infinite set of second-order weakly coupled modal differential equations describing the elastic motion.
It is shown that the elastic motion is excited by the rigid-body motion through Coriolis terms, angular acceler-
ation terms, and centrifugal terms. The Coriolis terms represent a linear time-varying gyroscopic effect, the
angular acceleration terms represent a linear time-varying circulatory effect, and the centrifugal terms represent
a linear time-varying stiffness effect. For unidirectional elastic motions, the Coriolis and angular acceleration
terms are shown to vanish. For uniform unidirectional elastic motion, the centrifugal terms are diagonal and the
modal equations become decoupled. Next, the previously indicated interactions are illustrated for spacecraft
undergoing bidirectional elastic motions via the dynamics of constantly rotating free-free beams undergoing
combined bending and longitudinal vibration. Finally, the dynamics of constantly rotating free-free beams
undergoing bending vibration in which the stiffness operator was linearized about the static equilibrium are
compared with systems in which the linearization was carried out about the dynamic equilibrium. The compari-
sons are made for systems rotating about axes perpendicular and parallel to the bending direction. These results
indicate the sensitivity of the fundamental frequencies to linearization of the stiffness operator at high angular
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velocities.

I. Introductory Remarks

ITH the coming of larger and more flexible spacecraft
tasked with missions involving rapid maneuvers, in-
creased interest is concerned with describing the dynamic be-
havior of maneuvering flexible spacecraft. Moreover, the in-
terest lies in describing the dynamic behavior in a manner that
lends insight into the design process. Within this context, it
does not suffice to simply compute the dynamic response of
these systems, although such methods are being developed.!:?
Instead, the interest lies in dissecting the dynamic behavior in
order to reveal readily identifiable effects. Toward that end,
this paper shows how the equations governing the motion of
maneuvering flexible spacecraft can be decomposed into inde-
pendent effects, to the extent possible. The few remaining
coupling terms are then identified, and their effects on the
overall motion are described. )
Before proceeding with maneuvering flexible spacecraft, the
next section reviews the dynamics of vibrating flexible space-
craft. The spacecraft vibratory motion will be separated into
the sum of three components associated with the translations,
rotations, and elastic motions, respectively. Similarly, the
spacecraft forces will be separated into the sum of three com-
ponents associated with the translations, rotations, and elastic
behavior, respectively. For completeness, the remainder of this
section demonstrates relationships between the components of
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motion and the linear and angular momenta as well as relation-
ships between the components of force and the net external
forces and moments acting on the spacecraft, where it is noted
that each relationship is developed using closed-form expres-
sions for the rigid-body modes of vibration along with the
associated orthogonality conditions.

The third section first discusses the significance of the track-
ing coordinate system in describing the dynamic behavior of
maneuvering flexible spacecraft.>-* Whereas a variety of possi-
ble tracking coordinate systems can be chosen, this section
demonstrates that the equations governing the motion of ma-
neuvering flexible spacecraft become decomposed for tracking
coordinate systems chosen to coincide with the rigid-body mo-
tion of the spacecraft. Specifically, three linear independent
second-order ordinary differential equations govern the three
translations of the spacecraft mass center, three coupled
quadratically nonlinear first-order ordinary differential equa-
tions (Euler-type equations) govern the three rotations of the
spacecraft, and an infinite set of second-order weakly coupled
linear modal equations govern the elastic motion of the space-
craft relative to the rigid-body motion of the tracking coordi-
nates. This section shows that the elastic motion is excited by
the rigid-body motion through three linear time-varying terms
representing gyroscopic effects, stiffness effects, and circula-
tory effects, respectively.

Next, in Sec. IV the special case of unidirectional elastic
motion is considered. For spacecraft undergoing unidirec-
tional elastic motion, the aforementioned gyroscopic and cir-
culatory effects are shown to vanish, and the stiffness effect is
shown to lower the associated natural frequencies. As an illus-
tration of the nature of the coupling effects, when the motion
is not unidirectional, Sec. V considers the dynamics of beams
rotating at a constant angular velocity undergoing combined
longitudinal and bending vibration (bidirectional elastic mo-
tion).
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The elastic restoring forces, in the previous sections, were
related to the elastic motion by a differential stiffness operator
that was linearized about the static equilibrium of the space-
craft. However, as the angular velocity of the spacecraft in-
creases, the vibration oscillates about a dynamic equilibrium
rather than about a static equilibrium. To illustrate the signif-
icance of this effect, free-free beams undergoing bending mo-
tion, while rotating about a principle axis at a constant angular
velocity, will expand longitudinally to a new dynamic equi-
librium and then vibrate in bending about an expanded dy-
namic equilibrium. Then, the moments of inertia associated
with the rigid-body motion will increase. Moreover, Sec. VI
compares the fundamental frequencies associated with the
elastic motion of free-free beams rotating about principle axes
in which ihe stiffness operator is linearized about the static
equilibrium, with the dynamic response of these beams lin-
earized about the dynamic equilibrium instead.5?

I1I. Dynamics of Freely Nonmaneuvering
Flexible Spacecraft

Before proceeding with the development of the equations of
motion for the freely maneuvering flexible spacecraft, it is
desirable first to consider the equations of motion for the
freely nonmaneuvering flexible spacecraft. For convenience,
an inertial coordinate system is chosen with an origin that
coincides with the undeformed position of the spacecraft mass
center. The displacement vector of point P at time # is mea-
sured in inertial coordinates and denoted by u (P,¢). The wavy
underscore denotes three-dimensional vectors. The unde-
formed position of point P measured relative to the origin is
denoted by uc(P)=x,1, + X5, + X313 where 7),3,, and 7; are unit
vectors of the inertial coordinate system (see Fig. 1).

Because the spacecraft is flexible, each point P on the space-
craft is exerted upon by elastic restoring forces. The elastic
restoring forces depend on the spacecraft displacement. When
the displacement relative to its equilibrium is ‘‘small,”’ only the
linear part of the relationship between the elastic restoring
force and the displacement is retained, and the remaining non-
linear parts are discarded. Denoting the elastic restoring force
by [e(P,t), we obtain

[P,y = ~Lu(®1) )

where L is a self-adjoint, positive semidefinite linear differen-
tial matrix operator expressing the spacecraft stiffness. The
spacecraft is also exerted upon by external forces at each point
P denoted by f(P,t). Considering Newton’s laws of motion at
each point P, we obtain

p(PYit(P,t) = —Lu(P,t) + f(P,1) @

Undeformed Position
(Fixed in Internal Space)

Fig. 1 Nonmaneuvering spacecraft.
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where p(P) denotes the mass density of point P, and overdots
represent differentiations in time with respect to the inertial
coordinate system. Because the spacecraft is freely suspended
in space, the displacement is not constrained by external geo-
metric boundary conditions. The external boundary condi-
tions are all natural boundary conditions.

To simplify the problem, we consider the natural decompo-
sitions of the spacecraft displacement and of the external
force. The displacement is expressed as a series of natural
displacements, and the external force is expressed as a series of
natural forces. The natural decomposition simplifies the prob-
lem because it produces a special correspondence between the
natural displacements and the natural forces. To show this, we
consider the eigenvalue problem associated with the stiffness
operator, written

N(P)$(P) = L$(P) )

The solution to Eq. (3), called the eigensolution, is composed
of the nonnegative real eigenvalue A and the associated real
eigenfunction ¢(P). There exists a countable number of eigen-
solutions, i.e., eigenvalues A\, (r =1,2,...) and associated ei-
genfunctions ¢,(P) (r =1,2,. . .). The eigenfunctions are mu-
tually orthogonal and can be normalized 50 as to satisfy the
two orthonormality relations

§pp(P)$,(P)-¢;(P)dD = §,s (4a)

- p9,(P): Lo (P)dD = N5y, (ris=12,...) (@4b)
where §,, is the Kronecker-Delta function, and the integration
is carried out over the domain D of the spacecraft.?

The displacement and the external force are contained in the
vector space generated by the eigenfunctions. Therefore, we
can express the motion and the external force as linear combi-
nations of the eigenfunctions as

1@HO=Y u@0,  uP0) =0 Phu(0)
G=1,2 .. ©)
IRO=Y LB, LB = o) PYO
s=1
s=1,2,...) ()

where u,(P,t) and f(P,t) denote natural displacements and
natural forces, respectively. The natural displacement u (P, )
has spatial-dependence (shape) ¢.(P) identical to the eigen-
function called the natural mode of vibration, and it has time-
dependence (amplitude) u,(¢) called the modal displacement.
The natural force f (P,¢) has spatial dependence o(P)d.(P)
called the natural mode of force, and it has time-dependence
fs(#) called the modal force. The modal displacements and the
modal forces are related to the displacement and to the exter-
nal force, respectively, by

u,(t) = [pp(P)$,(P) - u(P,t) dD

S =pg,(P)- f(P.1)dD, r=12..) O
Substituting the decompositions of the motion [Eq. (5)] and of
the force [Eq. (6)] into the equations of motion (2) while
considering the eigenvalue problem [Eq. (3)], the equations for
each natural motion are expressed as

p(P)its(P,1) = —Np(P)us(P,1) + f(P,1)
s=12,...) ®)

Equations (8) are independent. Therefore, the correspondence
produced by the natural decomposition is that the rth natural
force can excite the rth natural displacement and no other
natural displacements. Substituting the decompositions [Egs.
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(5) and (6)] into the equations of the natural displacements
[Eq. (8)] yields the modal equations of motion

(1) = —luy(t) + f,(2), =12 ..) ®

where the eigenvalues are related to the natural frequencies of
vibration w, by N, = w2(r =1, 2, ...).

Of the infinite number of natural displacements, we shall,
without any loss of generality, let the first three correspond to
translations and the next three correspond to rotations. To-
gether they are referred to as rigid-body displacements having
natural frequencies identical to zero. The remaining infinity of
natural displacements are referred to as elastic displacements
having nonzero natural frequencies. To distinguish between
the various types of natural displacements and natural forces,
consider the following notation: The subscript 7 is introduced
for quantities associated with translation, so that

un @) =u,@0, $nP)=P), unt)=ulr) (10a)
[n®) =@, fr®)=£E), ¢=1,2,3)  (10b)

Then, the translational components of the displacement
u (P, t) and of the force [ r(P,t) are given by

ur(Pt) = urdPt) + ursPt) + urs(Pst) (11a)
frP,t) = fri(P,t) + froP, 1) + [13(P,1) (11b)

Next, the subscript R refers to quantities associated with rota-
tions, so that

U Pt) = U,ssP1), b (P)= §,43(P)
g (1) = thr+3(1) (122)

SrePt) = friaPol),  Srr(2) =Fris(D)
(r=12,3) (12b)

Then, the rotational components of the displacement u z(P,?)
and of the force z r(P,t) are given by

ur(P,t) = upi(P,t) + ura(Pyt) + U ra(Ps1) (13a)
Sr@P1) = fri(P,1) + fra(P,1) + fra(P, 1) (13b)

Finally, the subscript E refers to quantities associated with
elastic displacements so that

ue(P) =, eP1),  ¢u(P)= Grre(P)

ug (1) = ur.6(1) (14a)
zEr(Prt)=[r+6(P’t)s Se(8) =fr+6(t)

r=1.2,...) (14b)

Then, the elastic components of the displacement u g(P,?) and
of the force [ £(P,t) are given by

usPt) = YL us(P0) (15)
r=1

£5®.) = ¥ f e (P1) (15b)
r=1

Now, from Egs. (5), (6), and (10-15), the displacement of the
spacecraft and the external force can be expressed as

E(Pit)=y,T(Pyt)+E,R(P’t)"'y,E(P,t) (163)
L@ = frP0) + fr(P,) + [ (PD) (16b)

Next, we consider the closed-form expressions for the figid—
body modes of vibration. The eigenfunctions associated with
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translations in the 7, %, and 7; directions can be expressed in
the form
gTr(P) = Cr?r’ (r = 1’ 2, 3) (17)
where ¢, (r = 1, 2, 3) are arbitrary constants. Upon normaliza-
tion, the arbitrary constants are determined, and we obtain
¢ =M%, r=1,273) (18)
where M = [pp(P) dD is the total mass of the spacecraft. The
eigenfunctions associated with rotations about the i), &, and i3
axes can be expressed in the closed-form
Srr(P) = d,i, X uc(P), (r=1,23) 19
where d, (r = 1, 2, 3) are arbitrary constants. Upon normaliza-
tion these constants are determined, with the result
d =17"%, (r=12,3) 20
where I, = [po(P)i, X uc(P)} - [is X uc(P)] AD represents
the spacecraft mass moment of inertia.

Clearly, the six eigenfunctions associated with translations ,
and rotations, as they appear, are linearly independent. Also,
the three eigenfunctions associated with translations are mutu-
ally orthogonal. However, the three eigenfunctions associated
with rotations are mutually orthogonal only if the inertial
coordinate system coincides with the principle coordinate sys-
tem. Whether the eigenfunctions associated with the rotations
are mutually orthogonal or not, they and the eigenfunctions
associated with the translations are orthogonal to the eigen-
functions associated with the elastic motion. Of course, if the
eigenfunctions associated with rotations are not orthogonal,
they can be orthogonalized, which is tantamount to locating
the principle axes of the spacecraft.

To complete the development given in the previous para-
graphs, it remains to show that the linear momentum of the
spacecraft and the external force depend only on quantities
associated with translations, and that the angular momentum
of the spacecraft and the external moment depend only on
quantities associated with rotations. Toward this end, the fol-
lowing identities can be derived using the orthonormality con-
dition [Eq. (4)]:

fpp(P)¢r,(P)dD = 0, (r=1,2,3) @1

§pp(P)or(P)dD =0, r=12 .. (22)
§pp(P)uc(P) X ¢,(P)dD = 0, (r=1,2,3) (23

§pp(P)uc(P) X ¢5(P)dD = 0, r=1,2,...) 9

The external force acting on the spacecraft is given by
E(0)=lp f®,1)dD = [pf r(P,1) dD + [pf x(P,1) dD

+ §pfe(P,t)dD : 25)
But, considering the identities in Egs. (21) and (22), we obtain
fpfr(P,1)dD =0 (26a)
pfe®t)dD =0 (26b)
Therefore, the rotational component and the elastic compo-
nent of the force produce no external force. Then, from Egs.

(25) and (26), the external force F (¢) is given by

E(t)=pfr(P,t)dD @7
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The external moment acting about the origin is given by

M(0) = lpucP)x f@,1)dD = [pucP) x f7(P,t) dD
+ §p o(P) X fr(P,1) dD + fpu c(P) X f5(P,1)dD (28)

Considering the identities in Egs. (23) and (24), we obtain
fpucPyx fr(P,t)dD =0 (293)
fpucP) X fe(P,t)ydD =0 (29b)

Therefore, the translational component and the elastic compo-
nent of the force produce no external moment about the mass
center. Then, from Eqgs. (28) and (29), the external moment
M (2) is given by

M(t) = fpuc(P) X fr(P,t)dD (30
The external linear momentum of the spacecraft is given by

P (1) = [pp(P)(P,t) D = fpp(P)ir(P,t) dD
+ ipp(P)itr (P,t) dD + {pp(P)itg(P,t) dD €]

Considering the identities in Eqgs. (21) and (22), we obtain
fpo(P)ir(P,t) dD = 0 (32a)
§po(P)iag(P,t)dD = 0 (32b)

Therefore, the rotational component and the elastic compo-
nent of the motion produce no external linear momentum.
Then, from Egs. (31) and (32), the external linear momentum
is given by

P (1) = fpp(P)ur(P,t) dt (33)
The external angular momentum about the origin is given by

H(t) = {pp(P)uc(P) x a(P,t)dD = {pp(P)u c(P)
X ar(P,t)dD + ij(P)u c(P) X ugr(P,t) dD
+ fpo(PYuc(P) x g(P,t) dD (34)

Considering the identities in Egs. (23) and (24), we obtain
§po(P)u c(P) X ar(P,t)dD = 0 (352)

ipo(P)u c(P) X #e(P,t) dD = (35b)
Therefore, the translational component and the elastic compo-
nent of the motion produce no angular momentum about the
mass center. Then, from Egs. (34) and (35), the external angu-
lar momentum about the origin is given by

H(t) = {pp(P)uc(P) X ur(P,t) dD (36)

III. Dynamics of Freely Maneuvering
Flexible Spacecraft

In the previous section, the equations describing the dynam-
ics of freely nonmaneuvering flexible spacecraft were derived.
Using a standard ‘‘small-motion”’ assumption, a set of three
linear partial differential equations of motion was derived
and, to simplify the problem, natural decompositions of the
motion and of the force were introduced. One question that
arises is whether these natural decompositions of the motion
and force can be considered in conjunction with the maneuver-
ing flexible spacecraft.

It turns out that a decomposition of the motion and of the
force can be considered in conjunction with maneuvering flex-
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ible spacecraft when a particular coordinate system is intro-
duced. This coordinate system can track the translational and
rotational motions of the spacecraft. Indeed, a tracking coor-
dinate system is introduced that coincides with the rigid-body
motion of the spacecraft. Note that when the spacecraft is
rigid, the tracking coordinate system degenerates to a body-
fixed coordinate system.

Let the origin C of the tracking coordinate system be located
at the spacecraft mass center (not attached to the spacecraft).
Then, the position vector of the origin C relative to the origin
0 of the inertial coordinate system is denoted by uy(f)=
o (1)) + ugp(t)y + 1g3(1)is, where 7y, 1, and 7; are unit vectors
of the inertial coordinate system. The position vector of any
point P on the undeformed spacecraft relative to C is denoted
by uc(P) = x,b, + x,b, + x3b5, where by, b,, and b; are unit
vectors of the tracking coordinate system. Because the track-
ing coordinate system coincides with the rigid-body motion,
the displacement of point P on the spacecraft relative to the
undeformed position of point P observed in the tracking coor-
dinate system represents an elastic displacement denoted by
up(P,t) = up(P,t)b, + ug,(P,1)by + u . (P,1)b;.

Whereas the elastic motion is small, the rigid-body motion
is arbitrarily large. The inertial position vector of point P
relative to the origin O of the inertial coordinate system is given
by (see Fig. 2)

u(P,t)=uo(t) + ucP) + up(P,t) @3N

The inertial displacement vector of point P is differentiated in
time to obtain the inertial velocity vector of point P

4 GL@n= 3 3 L+ g d SucP)+ 4 d cus®h)  (39)

in which
% uclP)= () X uc(P) (39a)
:t up(Pt)= Bp(Pt) + Q1) X up(P,1) (39b)

where d/df represents differentiation in time with respect to
inertial coordinates, an overdot represents differentiation in
time with respect to tracking coordinates, and Q(¢)=

()b, + Qa()b, + Q5(¢)B; denotes the angular velocity vector
of the tracking coordinates. The inertial velocity vector of
point P is differentiated in time to obtain the inertial accelera-
tion vector of point P

—_——
LUndefomed Position

(Coinciding with
Rigid Body Motion)

Fig.2 Maneuvering spacecraft.
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2 2 2 2 — - 1 2’ ;
AP =13 80() + 13 d s uc(P) + 35 d Sus(Pr)  (40) 0=Fn(t) + nr (1), (r=1,23)
O :'er(t) + nRr(t), (r = la 2’ 3)
in which QPug, (1)/de? = —wiug (1) + fe (£) + ng(t)
£ r=1,2,...) (46)
i uc(P)= a(®) X ucP)+ () X [L(H) X uc(P)] 41a) where
2
aqﬁ up(P1)=ip(Pt) + 22() X s (P1) + a(?) nr () = o g1 (P) - n(P,1) dD, (r=1,2,3)
ng(t) = fpéx-(P) - n(P,1)dD, r=1273)

XupPt)+ (1) x [2() X up(P,1)] (41b)

where @(?)=o,(t)B; + ax(2)B, + a3(¢) by denotes the angular
acceleration vector of the tracking coordinates.

The spacecraft is exerted upon by elastic restoring forces
fe(P,t) measured in tracking coordinates and, depending on
the elastic displacements, in the form

feP.t)y= —Lug(P1) 42

where L is identical to the stiffness operator in the previous
section. Because the stiffness operators introduced in this and
the previous sections are identical, Eq. (42) represents a lin-
earized expression about the static equilibrium of the space-
craft, which is tantamount to neglecting geometric nonlineari-
ties and to considering only kinematic nonlinearities. Later in
the paper, the stiffness operator will be linearized about the
dynamic equilibrium, which is tantamount to considering geo-
metric nonlinearities. Furthermore, the eigenfunctions ob-
tained in the previous section will be used here with the differ-
ence that the eigenfunctions are no longer measured in inertial
coordinates. Instead, the eigenfunctions are now measured in
tracking coordinates. Under these assumptions, the replace-
ment of the inertial coordinates with tracking coordinates in
Egs. (26-30), and the introduction of Eq. (38) into Egs. (31)
and (34), leads to the following properties associated with
maneuvering spacecraft: )

1) The elastic component of the force produces no external
force on the maneuvering spacecraft.

2) The elastic component of the force produces no external
moment about the maneuvering spacecraft mass center.

3) The elastic component of the motion produces no exter-
nal linear momentum on the maneuvering spacecraft.

4) The elastic component of the motion produces no exter-
nal angular momentum on the maneuvering spacecraft.

Considering Newton’s law of motion at each point P, we
obtain

p(P)i(P,t) = —Lu(P,t) + f(P,1) 43)
Introducing Eq. (41) into Eq. (43), we obtain the nonlinear
partial differential equations describing the motion of the ma-

; neuvering spacecraft

p(P)YPyup(P,t)/dt? = —Lug(P,0) + f(P,1) + n(P,t) (44)

in which
.’.’,(P’t) = p(P) a2 ~0(t) p(P) ar ,.,C(P)
—pP)x 22X upPt)+a(t) X us(p1)
+ 2O X[ X agP,D]} 45)

It is of interest to simplify the problem by expressing the
motion and the force in terms of their natural decompositions
and to decompose Eq. (44). By substituting Eq. (15) into Eq.
(44), premultiplying by ¢7(P), ¢r(P), (r =1, 2, 3), and by
¢5(P), (r =1, 2, 3,...), integrating the result over the space-
craft. domain and considering the orthonormality relations
[Eq. (4)], we obtain the translational, rotational, and elastic
modal equations of motion, respectively,

nEr(t) = SD?’Er(P) ',.’.l_.(P’t) d-D’

Examination of the kinematic effects ny,(¢), nz.(¢), and ng,. (1)
associated with the translational, rotational, and elastic modal
motions, respectively, remains. Substituting Eq. (45) into Eq.
(47) and considering the identities in Eqs. (21-24), we obtain

r=12,...) 47

M ddtz uo(t) = E(1) (482)
Ta()= - Q) X IR(1) + M(1) (48b)

EEr(t) = "'w%uEr(t) +fEr(t) + nEr(t)’ (r = la 2: .. ) (480)
where 7 denotes the spacecraft mass moment of inertia matrix
with entries I, (r,s =1, 2, 3) given earlier. The kinematic

effects associated with the elastic motion can be written as

ng (1) = ng() + nga(t) + nes(2), (r=12,...) 49
where
nealt) = =Y it (Ditg (1) (502)
s=1
ngg(2) = —npsy(2) = SDp(p)fEr(P) 22
X ¢gs(P)] dD (50b)
and
nea(t) = =¥ Mg Dz (1) | (S1a)
s=1
nera(t) = —Rgs(t) = fpp(P) $E (P) - (1)
X ¢x,(P)] dD (51b)
and
PEa(t) = =Y Pesy( s (1) — 85 (1) (522)
s=1
ngs3(8) = negs() = fp (P Q) - S5 PIL(Y) - 955 (P)]
—[2@) - () 9E-(P) - $:(P)]} dD (52b)
gz (1) = [po(P){1Q(1) - ¢ (PIR(1) - uc(P)]
~(2(1)- 2B P) - uc(P)l} dD (52¢)

As can be seen from Egs. (48a) and (48b), the translational and
rotational equations are decoupled from the elastic motion.
This is a direct result of selecting functions to describe the
elastic motion that are orthogonal to the rigid-body motion.
However, the nonlinear rigid-body rotations affect the elastic
motion via the kinematic terms ng,.(¢). From Eqgs. (50-52), the
individual kinematic terms ng. (1), Bg2(2), and ngs(t), r =1,
2, ...), are now recognized as Coriolis, angular acceleration,
and centrifugal terms, respectively. From Eq. (50), the Cori-
olis terms are linear time-varying homogeneous terms multi-
plying the modal velocities. Moreover, the coefficients g, (¢)
are skew symmetric. Therefore, the Coriolis terms are a gyro-
scopic effect.? From Eq. (51), the angular acceleration terms
are linear time-varying homogeneous terms multiplying the
modal displacements. Furthermore, the coefficients ng.(f)
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are skew symmetric. Therefore, the angular acceleration terms
are a circulatory effect. From Eq. (52), the centrifugal terms
have two components. One component is linear time-varying
homogeneous coefficients multiplying the modal displace-
ments, and the other component is time-varying nonhomoge-
neous terms. The first component is symmetric. Therefore, the
first component of the centrifugal terms is a stiffness effect.
The second component excites the modes of vibration. When
the spacecraft rotates at a constant angular velocity about a
principle axis, the second term shifts the static equilibrium of
the spacecraft.

IV. Unidirectional Elastic Motion

Let us consider the special case when, at each point P on the
spacecraft, the elastic motion viewed in tracking coordinates
predominantly acts in one direction. Although such motions
typically occur in spacecraft with relatively simple geometries,
this case reveals interesting tendencies. The dominant direction
is denoted by the unit vector bo(P), implying

65/ (P) = 65, (P)Bo(P),

It follows that ¢z (P)X ¢x(P)=0, (r,s =1, 2, ...). Intro-
ducing Eqgs. (53) and (54) into Eqs (50-52), we obtam

r=12,...) (53)

nga(t) =0 (542)
npa(t)=0 (54b)
and
neatt) = 5 lopPre o (P ({200 20
- 180(P)- 80P} 4Dus () + 20 (s40)

Indeed, with the elastic motion acting unidirectionally
throughout the spacecraft, the Coriolis terms and the angular
acceleration terms on the elastic motion vanish. The remaining
rigid-body terms on the elastic motion are due to the centrifu-
gal motion. These terms tend to lower the natural frequency of
each mode of vibration by a fraction of the magnitude of the
rigid-body angular velocity. If we further assume that the
unidirectional motion is uniform so that bo(P) = b, is con-
stant throughout the spacecraft, then we obtain from Eq. (54)

nga(t) = Qg (t) + ge- (1) (552)

where
2= 0()- 2~ 2o~ AP (550)
g5:(1) = —Iop(P)be(P)Bo- {RIX [R() X (P D

Introducing Eq. (55a) into Eq. (48c) we obtain the modal
equations in the form (55¢)
iig (1) = — &} 2ug (1) + for () + g (1), r=1,2, ...) (56)
where the reduced natural frequency w; for uniform unidirec-
tional elastic motion is given by
W= -Q2=w?~ 2 -0+ (b 2 57
When b, is parallel to €(¢), then, from Eq (57), w; =w,, and
when B, is perpendicular to £(¢), then w;2=w?—¢ - 2. In-
deed, the effect of the centrifugal motion 1s greatest  when the
angular velocity of the tracking coordinate system is perpen-
dicular to the unidirectional elastic motion. The effect of the
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centrifugal motion vanishes when the directions of the angular
velocity vector and the elastic motion are parallel. Further-
more, from Eq. (55a), the modal equations remain decoupled
when the elastic motion is uniformly unidirectional.

V. Bidirectional Elastic Motion

As indicated in the previous section, when spacecraft vibrate
unidirectionally, the Coriolis terms on the elastic motion van-
ish. The problem described in this section illustrates the signif-
icance of the Coriolis and centrifugal terms on the elastic
motion for a system in which the elastic motion is bidirec-
tional. We consider the combined longitudinal and bending
vibration of uniform free-free beams rotating at a constant
angular velocity (see Fig. 3). The elastic displacement of the
beam is given by ug(P,t) = u,(x,0)b, + u.(x,t)bs, and the
stiffness operator has the form

3 a*

= ——AEa 5 b1y +EIya 5 babs

where AE and EI, denote the uniform longitudinal stiffness
and the uniform bending stifiness, respectively. This stiffness
operator in this section is linearized about the static equi-
librium. (The effect of linearizing the stiffness operator about
dynamic equilibrium will be described later). In the absence of
external forces, and assuming that the beam is rotating at a
constant angular velocity @ =Q, b, about the z; , axis, we ob-
tain the two partial differential equations of motion:

2. 82
m%‘ =AEo 3 X+ mQx —2Q,m aaliz +mQ©u, (582)
3 du
‘2 5 = ~EL % +20,m 2 4 mOu, (58b)

Next, the immediate interest is to nondimensionalize the equa-
tions of motion according to

#,=u/L, t=vEL/mL*, x=x/L
f, =u/L, Q,=QVmLYEIL (59)

Introducing Eq. (59) into Eq. (58) and replacing differentia-
tions with respect to dimensional quantities with differentia-
tions with respect to nondimensional quantities, we obtain

@, AL &n, du,

+ Q2% — [20 9;‘72] + ey 602

o I,
P, a4az ity -
e ML R {Qyuz} (60b)
Ez
Q
Jf
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\
)

ux(x,t)
b3 uz(x,t)

Fig. 3 Rotating beam undergoing combined bending and longitudi-
nal vibration.
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Fig. 4 Effect of Coriolis coupling on the combined bending and lon-
gitudinal vibration of a rotating free-free beam.

Fig. 5 Effect of centrifugal coupling on the combined bending and
longitudinal vibration of a rotating free-free beam.

The coupling terms in the brackets [ ] represent Coriolis terms,
and the coupling terms in the braces { } represent centrifugal
terms. Note from Eq. (60) that the significance of these cou-
pling terms depends on the two nondimensional parameters
AL?/I,and Q,. The nondimensional parameter AL2/I, reflects
the degree to which the elastic motion is bidirectional. Figure
4 shows the fundamental frequency of the rotating beam as a
function of the two nondimensional parameters in the pres-
ence of Coriolis coupling [the centrifugal coupling in the
braces is neglected in Eq. (60)]. Figure 5 shows the fundamen-
tal frequency of the rotating beam as a function of the two
nondimensional parameters in the presence of centrifugal cou-
pling [the Coriolis coupling in the brackets is neglected in Eq.
(60)]. Figure 6 shows the fundamental frequency as a function
of the two nondimensional parameters in the presence of both
Coriolis and centrifugal coupling [no terms are neglected in
Eq. (60)].
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Fig. 6 Effect of Coriolis coupling and centrifugal coupling on the
combined bending and longitudinal vibration of a free-free beam.
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Fig. 7 Rotating beams undergoing bending vibration.

VI. Linearization of the Elastic Restoring Forces

In Sec. III the elastic restoring forces were related to the
elastic motion after linearization was carried out about the
static equilibrium of the spacecraft. Concurrently, in Sec. V
the vibration of a beam rotating at a constant angular velocity
was described in which the beam expanded longitudinally due
to the centrifugal coupling term (2x in Eq. (60), so that the
beam essentially vibrates in bending about an expanded dy-
namic equilibrium; although the stiffness operator was lin-
earized about a static equilibrium. The question arises as to the
difference between linearization about the static equilibrium
and linearization about the dynamic equilibrium of maneuver-
ing flexible spacecraft. As it turns out, the differences can be
significant and affect both the rigid-body motion and the elas-
tic motion. The rigid-body motion is affected by increased
moments of inertia. The effect of linearization on the elastic
motion is shown in the following two illustrations of uniform
free-free beams undergoing bending vibration and rotating at
a constant angular velocity (see Fig. 7). We first consider
beams in which the elastic displacement is parallel to the
beam’s axis of rotation. The elastic displacement is given by
urp(P.ty=u,(x,1) b, and the angular velocity is given by Q@)
= Q,(#)b,. The stiffness operator has the form ‘

3 3 ([ /L2 A\ »
L =.<E125;3 — vm®— {[(5) —xz] 5})2222
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A clear derivation of the given stiffness operator can be found
in Ref. 6. In the absence of external forces, and assuming that
the beam is rotating at a constant angular velocity, we obtain
the partial differential equation of motion

(f)z—xZ] ‘;—’;’} =0 (61)

Next, the equations of motion (61) are nondimensionalized
according to

u, Fu, 9
m.—ét—z—— EIZa4 +Vam Qa

i, =u,/L, t=tNEIL/mL*, X =x/L
0, = Q,VmL*/EL, (62)

Introducing Eq. (62) into Eq. (61) and replacing differentia-
tions with respect to dimensional quantities with differentia-
tions with respect to nondimensional quantities, we obtain

25 45
9%, da,

J on
rroial ey + {Vzﬂﬁ[g(% x2) yB =0 (63)

The term in brackets arises when the linearization of the stiff-
ness operator is carried out about the expanded dynamic equi-
librium of the beam rather than about the undeformed static
equilibrium of the beam.!%!12 Figure 8 shows the fundamental
frequency of the rotating beam as a function of the nondimen-
sionalized angular velocity. The solid line figure shows the
fundamental frequency obtained after neglecting the term in
brackets in Eq. (63). The dashed line figure shows the funda-
mental frequency obtained after including the term in brackets
in Eq. (63).

Next, we consider beams in which the elastic displacement is
perpendicular to the beam’s axis of rotation. The elastic dis-
placement is given by yg(P,t)= uz(x,t)bg, and the angular
velocity is given by 2(¢)=1, ()b». The stiffness operator has
the form

i 5 8 | LV du,
L= {EIya4 /zmﬂa[(—)—x]a Bsbs

and the nonlinear accelerations in Eq. (45) are given by
n(P,t)=mQu,b;. In the absence of external forces and as-
suming that the beam is rotating at a constant angular velocity,
we obtain the partial differential equation of motion

Fu, ) a | /L2 du,
me= = —EL =S —imB— | (3) —x*| 22 + mu
ar? 7 ax* 7 ox ax v
64
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Fig.8 Linearization of the stiffness operator for a rotating beam
undergoing bending vibration parallel to axis of rotation.
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The equations of motion (64) are nondimensionalized accord-
ing to

@, =u/L, {=tVEL/mL*  x=x/L
0, = 0,vmL*/EI, (65)

Introducing Eq. (65) into Eq. (64) and replacing differentia-

tions with respect to dimensional quantities with differentia-

tions with respect to nondimensional quantities, we obtain
¥, a*a,

T T

{1/292 [(% xZ)%B + (B}, (66)
1

The term in the braces { }, arises when the linearization of the
stiffness operator is carried out about the expanded dynamic
equilibrium rather than about the static equilibrium. The sec-
ond term in the braces { }, arises due to the nonlinear acceler-
ation in Eq. (45). Figure 9 shows the fundamental frequency of
the rotating beam as a function of the nondimensional angular
velocity. The solid line figure is obtained from Eq. (66) after
neglecting the term in { };. The dashed line figure is obtained
when all of the terms in Eq. (66) are included.

VII. Final Remarks

This paper described the significant interactions between the
rigid- and flexible-body motions typically found in maneuver-
ing spacecraft. The elastic motion was excited by the rigid-
body motion through Coriolis terms, centrifugal terms, and
angular acceleration terms. The Coriolis terms-were shown to
represent a linear time-varying gyroscopic effect. The centrifu-
gal terms represent the sum of -a linear time-varying stiffness
effect, and a nonhomogeneous term shifts the spacecraft equi-
librium. The angular acceleration terms represent a linear
time-varying circulatory effect. For unidirectional elastic mo-
tions, the Coriolis terms and the angular acceleration terms
were shown to vanish. For uniform unidirectional elastic mo-
tions, the centrifugal terms are diagonal, the modal equations
are decoupled, and the associated natural frequencies de-
crease, depending on such factors as the angle between the
bending direction and the axis of rotation.

The interactions found in spacecraft undergoing bidirec-
tional elastic motions were illustrated via rotating beams un-
dergoing combined bending and longitudinal vibration. The
associated nondimensional fundamental frequency decreased
due to the centrifugal effect more than due to the Coriolis
effect by a factor of 8.

The sensitivity of the spacecraft fundamental frequency to
the linearization of the stiffness operator was illustrated via

14,2~ linearization about static egquilibrium
: — 2 = = - linearization about dynamic equilibrium
_ i 1 |

14,1~ e
2.0 8.5 1.9 1.5 2.0 2.5 3.9

ﬁl
Fig. 9 Linearization of the stiffness operator for a rotating beam
undergoing bending vibration perpendicular to the axis of rotation.
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rotating beams undergoing bending vibration. For beams un-
dergoing bending vibration parallel to the axis of rotation and
with the linearization about the static equilibrium, the associ-
ated fundamental frequency remained constant with changes
in the angular velocity of rotation. With the linearization
about the static equilibrium, the fundamental frequency in-
creased as the angular velocity of rotation increased. For
beams undergoing bending vibration perpendicular to the axis
of rotation, the associated fundamental frequency decreased
as the angular velocity increased with the linearizations about
either the static or dynamic equilibrium. With the linearization
about the dynamic equilibrium, the decrease in the fundamen-
tal frequency was eight times smaller than with the lineariza-
tion about the static equilibrium. Therefore, linearization
about dynamic equilibrium is essential in the spacecraft ma-
neuvering beyond angular velocities indicated in the nondi-
mensional illustrations.
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